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GLOSSARY

Mathematical model

A set of equations and axioms that describe a particular physical behavior
under a certain set of constraints

Homogenous field

A mathematical definition of a space that possess properties that are the
same throughout the space, such as, an ideal fluid or gas

Fractional calculus

A mathematical tool that utilizes a fractional order or imaginary number
order of a differentiation or integration operator in an expression

Dynamic system

A system that consists of a mass-spring-damper and has a response to a
specific input or is in free response

Riemann-Liouville

A generalized form for evaluating an integral of fractional order

Mittag-Leffler

A generalized two parameter complex function that is used for solving of
fractional order differential equations

Navier Stokes

A general equation that mathematically describes the motion of an object
in a homogenous field
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NOMENCLATURE

𝛼
𝑎𝐷𝑏

Fractional order derivative of a function from limit a to b of order α

Γ(x)

Gamma function of x

𝐸𝛼,𝛽 (𝑥) Two parameter Mittag-Leffler function of x
m

Mass of an object

c

Damping constant

k

Spring constant

λ

Eigen value

ζ

Damping ratio

ω

Frequency

𝜔𝑛

Natural frequency

𝜔𝑑

Damped frequency

ϕ

Phase difference

Re

Reynolds number

𝑙∗

Viscous length scale of the disk (top cross section of the cylinder)

Ωz

Angular acceleration

𝑐𝑓

Skin friction coefficient

𝑣𝜏

Angular shear stress friction velocity

𝑣𝑟

Velocity in the radial direction

𝑣𝜃

Velocity in the angular direction

𝑣𝑧

Velocity in the vertical (z-axis) direction

ρ

Density of the material
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μ

Viscosity of the fluid

𝜏𝜃𝜃

Angular shear stress of the fluid on the cylinder

𝐺3

Three parameter notation for Green’s function

tp

Planck’s time = 5.39106 x 10-44 seconds

I

Second moment of area

G

Shear modulus

h

Height (of the cylinder)

𝑟𝑜𝑢𝑡𝑒𝑟

Outer radius (of the cylinder)

𝑟𝑖𝑛𝑛𝑒𝑟

Inner radius (of the cylinder)

𝐷𝑠𝑝𝑟𝑖𝑛𝑔

Diameter of the torsional spring

𝐿𝑠𝑝𝑟𝑖𝑛𝑔

Length of the torsional spring

t

Time (in seconds)
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ABSTRACT

Choudhuri, Rajarshi. MS., Purdue University, May 2018. Experimental Study of Fractional Order
Behavior in Dynamic Systems. Committee Chair: Dr. Richard Mark French.

Common applications of engineering-based systems are theoretically modeled utilizing
integer order based mathematical operations. On occasion, integer order based mathematical
methods do not accurately model the complete system behavior due to the underlying physics of
the system. However, fractional order models are applied to better assess the accuracy of these
systems and create the appropriate model.
Fractional calculus is considered by mathematicians to be a special case for real system
analysis. However, a specific case of fractional order analysis of real systems has the tendency of
resulting in solutions that are paradoxical in nature. Therefore, fractional order models have not
been widely utilized in the field of engineering. On the other hand, an experimental validation of
an engineering model allows for a quantitative analysis between fractional order models and
conventional models. The proposed validations allow for identification of the appropriate model
based on the underlying physics of the system. Therefore, to analyze the shear stress of an object
going through a homogenous field, an experimental study is designed in a controlled
environment to address issues with previous studies in the field.
The experimental data will provide a comparison between theoretical models. The
comparison is used to validate the accuracy of an existing conventional model versus a proposed
fractional order model for the designed system.

1

INTRODUCTION

Fractional order calculus has been around since the development of calculus by Newton
and Leibniz. Fractional order calculus is considered a generalization of calculus and is used for a
small number of specific cases in real world analysis. Fractional order models have gained
popularity and have been applied in several fields like bioengineering and fluid dynamics due to
the ability to model complex physics.
The scope of the proposed research is to verify a fractional order model of fluid drag on
an object. With implementation of an experimental study, there are limitations to the theoretical
model and the appropriate experimental apparatus. A fractional order model on the proposed
physical system was originally stated in a seminal paper by Torvik and Bagley (1984). The
proposed theoretical model was tested on a mechanical system built around viscoelastic
materials. Therefore, to test the physical system, the proposed experiment aims to extend the
physical model to include unsteady fluid forces and to address issues with fluid damping.

1.1

Significance

The proposed experiment establishes whether a model developed using fractional order
fluid forces correctly predicts experimental behavior. The experimental setup is achieved by
using a cylinder rather than a plate, which was originally used by Torvik and Bagley (1984). The
cylinder is attached to a shaft extending out to either end and secured to the tank using bearings.
The cylinder is submerged in a homogenous fluid. A torsional spring is attached to allow for
cyclic rotation of the cylinder. Figure 1.1 illustrates the proposed ideal experimental setup.
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Figure 1.1 Proposed ideal experimental setup.
The oscillatory decay of the submerged cylinder is predicted to match the fractional order
model. An important note for the experimental setup is the fact that the setup is unable to cover
all possible physical models other than the one stated. In case of close match between the
experimental data and the fractional model, the result implies the underlying mechanics are of
fractional order. If there is no integer order model that closely fits the experimental data, the
result further implies that the physical system is inherently characterized using fractional order
models.
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1.2

Statement of Purpose

Common applications of engineering-based systems are theoretically modelled utilizing
integer order based mathematical operations. On occasion, integer order based mathematical
methods do not accurately model the complete system behavior due to the underlying physics of
the system. However, fractional order models can be applied to better assess the accuracy of
these systems and create the appropriate model.
Fractional calculus in the mathematical realm is not a new concept. Fractional calculus
has been around since the early inception of calculus itself. Fractional calculus is considered by
mathematicians to be a special case for real system analysis. However, a specific case of
fractional order analysis of real systems has the tendency of resulting in solutions that are
paradoxical in nature. Therefore, these models have not been widely utilized in the field of
engineering. On the other hand, an experimental validation of an engineering model allows for a
quantitative analysis between fractional order models and conventional models. The proposed
validations allows for identification of the appropriate model based on the underlying physics of
the system. Therefore, to analyze the shear stress of an object going through a homogenous field,
an experimental study will be specifically designed in a controlled environment. The controlled
environment is achieved by considering all the necessary variables and eliminating key
assumptions by design. The result of the experimental study will provide data that will be used to
validate the accuracy of an existing conventional model versus a proposed fractional order model
for the designed system.
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1.3

Research Question

Can a mathematical model of an object undergoing shear stress in a homogenous field be
experimentally validated to be inherently of fractional order? An experimental validation of an
engineering model allows for a quantitative comparison and analysis between fractional order
models and conventional model. The proposed physical system can be mathematically modelled
as a spring-damper system. The damping factor of this model is based on the homogenous field
and is proposed to have an inherently fractional response in the dynamic system. The validation
allows for identification of the appropriate model based on the underlying physics of the problem
that best describes an object moving in a fluid.

1.4

Assumptions

The assumptions for this research is as follows:
1. The tank is significantly larger than the cylinder, such that the fluid boundary conditions
at the tank walls do not affect the motion of the cylinder.
2. The surface finish of the cylinder is uniform, such that the drag coefficient is uniform
along its surface.
3. The contact patch between the ball bearing attached at the base of the shaft and the base
of the tank is frictionless.
4. The fluid used for the experiment is considered to be ideal in nature.

1.5

Limitations

The limiting factors for this research is as follows:
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1. The static and dynamic alignment of the shaft to the base of the tank. This can be
eliminated by careful machining and maintaining tight tolerances, but there is large room
for error.
2. Dead spots in the torsional spring assembly. This is eliminated by careful consideration in
the experimental setup. Over time, the dead spot of the torsional spring becomes more
significant.

1.6

Delimitations

The delimiting factors for this research is as follows:
1. Cross sectional variation of the cylinder is not taken into consideration.
2. Fluid boundary layer formation on the shaft is not taken into consideration.
3. The cylinder material is not considered. However, the mass of the cylinder is required for
the experiment.

1.7

Chapter Summary

The contents of the Introduction chapter summarize the background and motivation for
the proposed research. The next chapter will encompass the required theory and relevant research
and bodies of work that have already been conducted in the field of fractional calculus
applications.
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REVIEW OF LITERATURE

The hypothesis of the study is to experimentally prove inherent fractional behavior of a
dynamic system. The dynamic system is comprised of an oscillating object undergoing fluid
stress on its surface. The motivation to conduct this experiment is to compare whether a
fractional order model better describes the given system in comparison to the integer-based
model. The comparison allows for further research on other physical systems that display similar
dynamic behavior and whether fractional order models have any practical significance over their
integer-based counterparts. The literature review section will cover the underlying theory that
describes the experiment and further indulge in the theoretical model of the proposed experiment
and previous related experiments.

2.1

Fractional Order Calculus

Mathematics classes taught in engineering and technology programs revolve around
integer order calculus. Integer order calculus is a familiar mathematical tool to all individuals
with an academic background in engineering. Integer order calculus is utilized in mathematically
translating between physical phenomenon and theoretical concepts. However, calculus is not
limited to integer order. Another subset of calculus called fractional calculus, in the realm of
mathematics, is not a new concept. As described by Guce (2013), the earliest-recorded
foundations of fractional calculus are found in letters between L’Hopital and Leibniz. Fractional
calculus can be defined as the “branch of calculus that generalizes the derivative of a function to
a non-integer order.” (Guce, 2013).
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Fractional order calculus belongs to a niche application in engineering and applied
sciences. A fractional order derivative is a derivative of the nth order, where, n is not limited to
an integer. The number n can be defined as any number; real or complex. For example, on a
theoretical perspective, one can take the derivative of the function to the order of 2.432. The
physical implications of taking the derivative of a function to the order of 2.432 in this example
are irrelevant. The driving point of the example is that such a derivative of a function is
mathematically possible. In conclusion to the example, the goal of the proposed research is to
utilize fractional order calculus to explain a physical phenomenon and conduct a hypothesis test
regarding its underlying physics.
To further divulge into the basics of fractional calculus, he following trivial example
summarized from Kleinz and Thomas (2000) is utilized to elaborate on the concept of fractional
order calculus. Consider a generalized function, as shown in equation 2.1.

𝑓(𝑥) = 𝑒 𝑝𝑥

(Eqn 2.1)

From equation 2.1, the corresponding integer-based derivative of the order 1, 2, and 3 are
shown in equation 2.2.

𝑓 (1) (𝑥) = 𝐷1 𝑒 𝑝𝑥 = 𝑝. 𝑒 𝑝𝑥
𝑓 (2) (𝑥) = 𝐷2 𝑒 𝑝𝑥 = 𝑝2 . 𝑒 𝑝𝑥
𝑓 (3) (𝑥) = 𝐷3 𝑒 𝑝𝑥 = 𝑝3 . 𝑒 𝑝𝑥

(Eqn 2.2)
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Let us assume that n is an integer number and α is a rational number. Therefore, the
general form of the integer derivative of equation 2.2 is shown in equation 2.3.

𝑓 (𝑛) (𝑥) = 𝐷𝑛 𝑒 𝑝𝑥 = 𝑝𝑛 . 𝑒 𝑝𝑥

(Eqn 2.3)

From equation 2.3, let us substitute α in the place of n. Therefore, based on the general
form of equation 2.3 the derivative of ½ order is shown in equation 2.4.

1

1

𝑓 (2) (𝑥) = 𝐷2 𝑒 𝑎𝑥 = √𝑎. 𝑒 𝑎𝑥

(Eqn 2.4)

In the case of trivial trigonometric functions, the general form of the fractional order
derivative can be derived using Euler’s expression, as shown in equation 2.5.

𝑒 𝑗𝑥 = cos(𝑥) + 𝑗. sin(𝑥)

(Eqn 2.5)

If equation 2.5 is substituted in equation 2.1, the following general form of fractional
order derivative of a trigonometric function is obtained; as shown in equation 2.6.

𝜋𝛼

𝐷𝛼 𝑒 𝑗𝑥 = 𝑗 𝛼 𝑒 𝑗𝑥 = 𝑒 𝑗(𝑥+ 2 ) = cos (𝑥 +

𝜋𝛼
𝜋𝛼
) + 𝑗. 𝑠𝑖𝑛 (𝑥 + )
2
2

(Eqn 2.6)

Equations 2.1 to 2.6 have investigated the fractional order derivatives of trivial
exponential and trigonometric functions. However, the approach to obtaining a general form of a
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fractional derivative of a polynomial, for example, xp is different. The general form of xp for an
integer order derivative is shown in equation 2.7 (Kleinz & Olser, 2000).

𝐷𝑛 𝑥 𝑝 =

𝑝(𝑝 − 1)(𝑝 − 2) … (𝑝 − 𝑛 + 1)(𝑝 − 𝑛)(𝑝 − 𝑛 − 1) … 1 𝑝−𝑛
𝑥
(𝑝 − 𝑛)(𝑝 − 𝑛 − 1) … 1
(Eqn 2.7)
=

𝑝!
𝑥 𝑝−𝑛
(𝑝 − 𝑛)!

To express equation 2.7 in a general order fractional, a gamma function is used.
According to Kleinz and Thomas (2000), gamma functions generalize the notion of a non-integer
value factorial. The expression for a gamma function is shown in equation 2.8 (Magin, 2006) and
a key inference is shown in equation 2.9 (Podlubny, 1999):

∞

Γ(𝑥) = ∫ 𝑒 −𝑡 𝑢 𝑥−1 . 𝑑𝑢

(Eqn 2.8)

0

Γ(𝑥 + 1) = 𝑥Γ(𝑥)

(Eqn 2.9)

Therefore, the general form of xp in fractional order derivative is shown in equation 2.10.

𝐷𝛼 𝑥 𝑝 =

Γ(𝑝 + 1)
𝑥 𝑝−𝛼
Γ(𝑝 − 𝛼 + 1)

(Eqn 2.10)

It is important to note that obtaining a general form of the fractional derivative of a nontrivial function is paradoxical in nature (Guce, 2013). The paradoxical behavior is present
because the fractional derivative of an elementary function is a higher transcendental function for
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some cases (Kleinz and Thomas 2000). The behavior occurs due to the different limits of
integration used in fractional integration. Having different limits results in inconsistencies in
solution methods for an objective function. The paradoxical behavior is solved by introducing
limits to fractional derivatives. Adding limits to fractional derivatives allows for consistency in
solution methods in obtaining the general function. Therefore, to fully understand the possible
causes in inconsistencies in obtaining a general solution, the following section will discuss the
general order of a fractional integral. Let us consider a corollary based on equation 2.3. The
corrollary is shown in equation 2.11.

𝑒 𝑝𝑥 = 𝐷(𝐷−1 𝑒 𝑝𝑥 )
Where:

(Eqn 2.11)
𝐷−1 𝑒 𝑝𝑥 = ∫ 𝑒 𝑝𝑥 . 𝑑𝑥 =

1 𝑝𝑥
𝑒 +𝑐
𝑝

Keeping aside equation 2.11 for the moment; when solving for integrals of fractional
order, the limits of the integral need to be considered. Consideration of the limits of the integral
is especially true when trying to derive a general form of a function since the mathematical
process is iterative. Therefore, equation 2.12 states the general order of an integer integral of an
arbitrary function f(t) (Kleinz & Olser, 2000).

𝐷

−𝑛

𝑥
1
𝑓(𝑥) =
∫ 𝑓(𝑡) (𝑥 − 𝑡)𝑛−1 . 𝑑𝑡
(𝑛 − 1)! 0

(Eqn 2.12)
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To convert equation 2.12 to a fractional integral, replace – n with α and the factorial
component with a gamma function. However, there is an inconsistency in equation 2.12 as the
integral diverges if α ≥ 0. As this is a general form, let us introduce a lower limit b, where b > 0.
Therefore, the general order of a fractional integral of the function f(t) is shown in equation 2.13.

𝛼
𝑏𝐷𝑥 𝑓(𝑥)

𝑥
1
𝑓(𝑡)
=
∫
. 𝑑𝑡
Γ(−𝛼) 𝑏 (𝑥 − 𝑡)𝛼+1

(Eqn 2.13)

Referring to equation 2.3, the first order of the fractional integral of equation 2.1 is shown
in equation 2.14.

𝑥
−1 𝑝𝑥
𝑏𝐷𝑥 𝑒

= ∫ 𝑒 𝑝𝑥 . 𝑑𝑥 =
𝑏

1 𝑝𝑥 1 𝑝𝑏
𝑒 − 𝑒
𝑝
𝑝

(Eqn 2.14)

Comparing equation 2.13 to the corollary in equation 2.11, we can see that the constant c
is equal to

1
𝑝

𝑒 𝑝𝑏 . However, changing the value of the limit b can significantly change the

expression. Equation 2.13 is the expression for the Riemann-Liouville fractional integration. The
Riemann – Liouville equation is also be derived by using Laplace transforms. A special case of
Riemann-Liouville equation is called a Weyl fractional equation. A Weyl fractional equation has
the lower limit set to - and is calculated at a range of order between 0 and 1. The Weyl
fractional integral is shown in equation 2.15.
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𝛼
−∞𝐷𝑥 𝑓(𝑥) =

𝑥
1
𝑓(𝑡)
∫
. 𝑑𝑡
Γ(−𝛼) −∞ (𝑥 − 𝑡)𝛼+1

(Eqn 2.15)

The process for an analytical solution for a fractional order differential equation requires
the usage of the Mittag-Leffler Function. The Mittag-Leffler function is a generalization of the
exponential function whose variants are considered as general solutions for fractional order
differential equations (Magin, 2006). The two-parameter representation of the Mittag-Leffler
function is shown in equation 2.16. (Magin, 2006)

∞

𝐸𝛼,𝛽 (𝑥) = ∑
𝑘=0

2.2

𝑥𝑘
Γ(𝛼𝑘 + 𝛽)

(Eqn 2.16)

Dynamics of a System

The dynamics of a system describe a system with respect to its environment and predicts
the movement of a system with a given set of constraints. With respect to the concerned
literature, the dynamics of the experiment utilizes the general expression of an equation of
motion of an object in free response. Figure 2.1 illustrates the system and equation 2.17
dynamically represents the system (Jones, 2001).
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Figure 2.1 General order mass-spring-damper dynamic system. (Jones, 2011)

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 𝑓(𝑡)

(Eqn 2.17)

For a free response dynamic system, the external force on the system is considered as
zero. The free response equation is shown in equation 2.18.

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 0

(Eqn 2.18)

Consider x(t) = Aeλt. The characteristic equation of equation 2.18 and the general solution
of the equation is shown in equation 2.19 and equation 2.20 respectively.
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(𝜆2 𝑚 + 𝜆𝑐 + 𝑘)𝐴𝑒 𝜆𝑡 = 0 ⇒ 𝜆2 𝑚 + 𝜆𝑐 + 𝑘 = 0

(Eqn 2.19)

𝑘
𝜆1,2 = (−𝜁 ± √𝜁 2 − 1) √
𝑚

(Eqn 2.20)

Where; ζ is defined as the damping ratio. The expression for the damping ratio is shown
in equation 2.21.

𝜁=

𝑐
2√𝑘𝑚

(Eqn 2.21)

The damping ratio describes the behavior of the dynamic system and is generalized into
four cases. The generalized cases are as follows.

2.2.1 Case 1: Undamped
The system is considered as “undamped” when the damping ratio ζ=0. The roots of the
characteristic equation (Equation 2.19) is shown in equation 2.22. The resonant frequency of the
dynamic system is shown in equation 2.23. Figure 2.2 graphically illustrates an example of an
undamped system.

𝜆1,2 = ±𝑖𝜔𝑛

(Eqn 2.22)

𝑘
𝜔𝑛 = √
𝑚

(Eqn 2.23)
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Figure 2.2 Graphical representation of an undamped system. (Mathworks, 2015)

2.2.2

Case 2: Underdamped

The system is considered as “underdamped” when the damping ratio is 0 < ζ < 1. The
roots of the characteristic equation (Equation 2.19) is shown in equation 2.24. The damped
frequency of the dynamic system is shown in equation 2.35. Figure 2.3 graphically illustrates an
example of an underdamped system.

𝜆1,2 = −𝜁𝜔𝑛 ± 𝑖𝜔𝑑

(Eqn 2.24)

𝜔𝑑 = 𝜔𝑛 √1 − 𝜁 2

(Eqn 2.25)
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Figure 2.3 Graphical representation of an underdamped system. (Mathworks, 2015)

2.2.3

Case 3: Critically Damped

The system is considered as “critically damped” when the damping ratio is ζ=1. The roots
of the characteristic equation (Equation 2.19) is shown in equation 2.26. Figure 2.4 graphically
illustrates an example of a critically damped system.

𝜆1,2 = −𝜔𝑛

(Eqn 2.26)
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Figure 2.4 Graphical representation of a critically damped system. (Mathworks, 2015)

2.2.4

Case 4: Overdamped

The system is considered as “overdamped” when the damping ratio ζ > 1. The roots of
the characteristic equation will be distinct and real. Figure 2.5 graphically illustrates an example
of an overdamped system.
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Figure 2.5 Graphical representation of an overdamped system. (Mathworks, 2015)

The experimental apparatus for the study will be designed to mimic an underdamped
system. The general, integer order, expression for an underdamped system is shown in equation
2.27.

𝑥(𝑡) = 𝐴. 𝑐𝑜𝑠(𝜔𝑡 + ϕ)𝑒 −𝜁𝜔𝑡

2.3

(Eqn 2.27)

Fluid Mechanics

The relevant concepts of fluid mechanics with respect to the study is the theory of
boundary layers formations on the surface of a rotating disk. Understanding boundary layer
formations is key because it affects the variable that is hypothesized to be of inherent fractional
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order. In this case, the boundary layer produced will be a three-dimensional boundary layer on
the surface of a rotating disk, as illustrated in figure 2.6 (Imayama, Lingwood, & Alfredsson,
2014).

Figure 2.6 Three dimensional boundary layer formation on a disk. (Imayama, Lingwood, &
Alfredsson, 2014)
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For this experiment, it is important to understand the Reynolds number during the cyclic
rotation and the viscous scale length of the disk, shown in equation 2.28. (Imayama, Lingwood,
& Alfredsson, 2014)

𝑙∗ =

𝜈
2 𝜈
2
=√
= √ 𝑅𝑒 −2 𝑟
𝜈𝜏
𝑐𝑓 Ω𝑧 𝑟
𝑐𝑓

(Eqn 2.28)

The fractional order derivative proposed for the study has been derived previously by
Torvik and Bagley (1984) and further elaborated by Magin (2006) in their respective body of
works. Torvik and Bagley (1984) and Magin (2006) utilized the general form of the Navier
Stokes equation to establish the fundamental system of equations that results in the fractional
order derivative of the dynamic system. The proposed experiment utilizes a cylinder, therefore a
different system of observation – the cylindrical reference system. Torvik and Bagley (1984) and
Magin (2006) referred to their hypothesis in the cartesian reference system. Therefore, the
general form of the Navier Stokes equation in cylindrical coordinates in shown in equations 2.29,
2.30 and 2.31 (Pritchard, 2011).

𝑑𝑣𝑟
𝑑𝑣𝑟
𝑑𝑣𝑟 𝑣𝜃2
𝑑𝑣𝑟
𝜌(
+ 𝑣𝑟
+ 𝑣𝜃
− + 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑑𝜃
𝑟
𝑑𝑧
(Eqn 2.29)
𝑑𝑃
𝑑 1𝑑
1 𝑑 2 𝑣𝑟 2 𝑑𝑣𝑟 𝑑 2 𝑣𝑟
(𝑟𝑣
))
= 𝜌𝑔𝑟 −
+𝜇( (
+ 2
−
+
)
𝑟
𝑑𝑟
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃
𝑑𝑧 2
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𝜌(

𝑑𝑣𝜃
𝑑𝑣𝜃 𝑣𝜃 𝑑𝑣𝜃 𝑣𝑟 𝑣𝜃
𝑑𝑣𝜃
+ 𝑣𝑟
+
+
+ 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑟 𝑑𝜃
𝑟
𝑑𝑧
1 𝑑𝑃
𝑑 1𝑑
1 𝑑 2 𝑣𝜃 2 𝑑𝑣𝜃 𝑑 2 𝑣𝜃
(𝑟𝑣𝜃 )) + 2
= 𝜌𝑔𝜃 −
+𝜇( (
+
+
)
𝑟 𝑑𝜃
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃
𝑑𝑧 2

𝜌(

(Eqn 2.30)

𝑑𝑣𝑧
𝑑𝑣𝑧 𝑣𝜃 𝑑𝑣𝑧
𝑑𝑣𝑧
+ 𝑣𝑟
+
+ 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑟 𝑑𝜃
𝑑𝑧
𝑑𝑃
1𝑑
𝑑𝑣𝑧
1 𝑑 2 𝑣𝑧 𝑑 2 𝑣𝑧
= 𝜌𝑔𝑧 −
+𝜇(
(𝑟
)+ 2
+
)
𝑑𝑧
𝑟 𝑑𝑟
𝑑𝑟
𝑟 𝑑𝜃 2
𝑑𝑧 2

(Eqn 2.31)

In conjunction with the Navier Stokes equation, the continuity equation and the
expression of shear stress on the surface of the object were utilized by Torvik and Bagley (1984)
and Magin (2006). The continuity equation in cylindrical coordinates is shown in equation 2.32.
The shear stress on the surface of a cylinder is shown in equation 2.33 (Pritchard, 2011).

𝜏𝜃𝜃 = −𝜇 [2 (

1𝑑
1 𝑑𝑣𝜃 𝑑𝑣𝑧
(𝑟𝑣𝑟 ) +
+
=0
𝑟 𝑑𝑟
𝑟 𝑑𝜃
𝑑𝑧

(Eqn 2.32)

1 𝑑𝑣𝜃 𝑣𝑟
2 1𝑑
1 𝑣𝜃 𝑑𝑣𝑧
(𝑟𝑣𝑟 ) +
+ )− (
+
)]
𝑟 𝑑𝜃
𝑟
3 𝑟 𝑑𝑟
𝑟 𝑑𝜃 𝑑𝑧

(Eqn 2.33)

2.4

Seminal Theoretical Proposal

The seminal proposal for the fractional order behavior in dynamic systems was stated by
Torvik and Bagley (1984). The seminal proposal summarizes a theoretical proposal of a body
undergoing shear stress in a fluid from experiments. Magin (2006) elaborates on the basic
underlying mathematics of the physical problem and Podlubny (1999) discusses the analytical
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solution to the fractional differential equation. Figure 2.7 illustrates the sketch of the theoretical
model and equation 2.34 shows the equation of motion of the body as a dynamic system.

Figure 2.7 Theoretical model of a mass-spring-damper system undergoing fractional order drag.
(Magin, 2006)

3

𝑑2 𝑥(𝑡)
𝑑 2 𝑥(𝑡)
𝑚
+
2𝐴
𝜌𝜇
+ 𝑘𝑥(𝑡) = 𝑓(𝑡)
√
𝑑𝑡 2
𝑑𝑡 3/2

(Eqn 2.34)

Where; m is the mass of the object, A is the surface area, µ is the Newtonian viscosity of
the liquid, ρ is the density of the liquid, k is the spring coefficient and f(t) is the force acting on
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the object. The damping coefficient in this model is fractional and is induced into the system by
the object moving in the Newtonian fluid.
The expression shown in equation 2.34 is solved using a Green’s function for a three term
fractional differential equation with constant coefficients (Podlubny, 1999). The general form of
Green’s function to solve a three term fractional order differential equation is shown in equation
2.35.
𝛽

𝑎 0𝐷𝑡 𝑦(𝑡) + 𝑏 0𝐷𝑡𝛼 𝑦(𝑡) + 𝑐 𝑦(𝑡) = 𝑓(𝑡)

(Eqn 2.35)

The analytical solution of the equation of motion for the dynamic system using the
Green’s function is shown in equation 2.36 (Podlubny, 1999).

𝑡

𝑦(𝑡) = ∫ 𝐺3 (𝑡 − 𝜏)𝑓(𝜏). 𝑑𝜏
0

Where;
∞

1
(−1)𝑘 𝐶 𝑘 2𝑘+1 (𝑘)
𝐵
𝐺3 = ∑
( ) 𝑡
𝐸1 3𝑘 (− √𝑡)
𝐴
𝑘!
𝐴
𝐴
,2+
2
2
𝑘=0

∞

(𝑘)
𝐸𝜆,𝜇

(𝑗 + 𝑘)! 𝑦 𝑗
𝑑𝑘
= 𝑘 𝐸𝜆,𝜇 (𝑦) = ∑
,
𝑑𝑦
𝑗! Γ(𝜆𝑗 + 𝜆𝑘 + 𝜇)
𝑗=0

(𝑘 = 0,1,2, … )

(Eqn 2.36)
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2.5

Related Experiments

Experimental studies of fractional order behavior are quite common in the fields of
applied physics, applied biochemistry and biomedical engineering. Three experiments that
hypothesize dynamic fractional order behavior are discussed in the section of related
experiments.
Two experimental studies were formulated by Ronald L. Bagley and Peter J. Torvik from
the Air Force Institute of Technology, Wright Patterson Air Force Base, Ohio, between the years
of 1983 to 1985 (Torvik & Bagley, 1984) (Bagley and Torvik, 1985). Experiment three was
formulated by JE Escalante-Martinez and his team. The experimental study was published on the
Journal for Advances in Mechanical Engineering in 2016 (Martinez et al., 2016).
The first experimental study conducted by Torvik and Bagley in 1984 established an
experimental hypothesis of a viscoelastic material to the proposed fractional model for a
dynamic system. Torvik and Bagley developed “A three parameter model developed to fit
experimental data for 3M-467 adhesive at 75ºC.” (Torvik & Bagley, 1984). The experimental
setup for this test is illustrated in figure 2.8.
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Figure 2.8 Schematic of the experimental apparatus. (Torvik & Bagley, 1984)

The 3M-467 acts as a viscoelastic body undergoing shear stress due to the oscillating
mass. According to Torvik and Bagley (1984), experiments with five different combinations of
3M-467 masses and areas were conducted with an average of six runs each. Figure 2.9 illustrates
the results of the experiment that conclude the fractional order model more accurately predicts
the narrow range of frequencies occurring in the experiment in comparison to the integer (Voigt)
order model.
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Figure 2.9 Comparison of fractional model, integer model and recorded data. (Torvik & Bagley,
1984)

Torvik and Bagley (1984) conclude their experiment by stating that “the in-place
oscillations of a rigid plate immersed in a Newtonian fluid do not generate a retarding force
proportional to the velocity, but rather, is proportional to a fractional derivative of order 3/2.
Another experiment on fractional order behavior was conducted by Bagley and Torvik
(1985). Bagley and Torvik (1985) wrote another paper to summarize findings on another
dynamic system that showed fractional behavior in the transient response. The new dynamic
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system consisted of a simple cantilevered beam with a viscoelastic layer. The schematic of the
experimental setup is shown in figure 2.10.

Figure 2.10 Fractional response of a cantilevered beam with a viscoelastic layer. (Bagley and
Torvik, 1985)

The objective of the experiment was to prove that the fractional response can be
replicated with two degrees of freedom. The model was compared between a continuum
formulation of the beam and finite element formulation of the damped beam. In conclusion to the
experiment, Bagley and Torvik (1985) stated that “the desirable features of the fractional
calculus models may be retained while employing a finite element solution for the transient
motion of viscoelastically damped structures.”
A third relevant body of work on fractional order models in dynamic systems was
proposed by Martinez et al. (2016). Martinez et al. (2016) obtained an experimental damping
coefficient for dynamic system utilizing a variation of the model proposed in Figure 2.7. Figure
2.11 illustrates the experimental setup used for obtaining a damping coefficient of a dynamic
system.
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Figure 2.11 One dimensional experimental setup for fractional order behavior. (Martinez et al.,
2016)

Martinez et al. (2016) utilized a fractional order curve fit, in comparison to the models
used by Torvik and Bagley (1984) and Bagley and Torvik (1985). Martinez et al. (2016) used a
curve fit model that derives the quasi period, τ using the Planck time, (tp = 5.39106 x 10-44
seconds). Martinez et al. (2016) used a cylindrical piece of cardboard to simulate the mass in the
system in the homogenous field. Martinez et al. (2016) used a laser in front of the mass-springdamper system in a manner that created a perpendicular path on the axis of motion of the mass.
The experimental methodology used by Martinez et al. (2016) allowed for repeatable data
acquisition for two consecutive peaks to establish the quasi period for the model.
Martinez et al. utilized three fluids (homogenous field) for their experiment; water, edible
oil and gasoline engine oil (SAE 10W-40). The experimental results obtained by Martinez et al.
(2016) for water are illustrated in figure 2.12.
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Figure 2.12 Graphical displacement in water with different β curve fits for time t in seconds.
(Martinez et al., 2016)
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The experimental results obtained by Martinez et al. (2016) for edible oil are illustrated in
figure 2.13.

Figure 2.13 Graphical displacement in edible oil with different β curve fits for time t in seconds.
(Martinez et al., 2016)
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The experimental results obtained by Martinez et al. (2016) for gasoline engine oil (SAE
10W-40) are illustrated in figure 2.14.

Figure 2.14 Graphical displacement in SAE 10W-40 oil with different β curve fits for time t in
seconds. (Martinez et al., 2016)
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Water, edible oil and gasoline engine oil (SAE 10W-40) exhibit temporal fractality and
non-local behaviors (Martinez et al., 2016). Martinez et al. (2016) utilized Caputo fractional
order derivatives and inverse Mittag-Leffler functions to establish the theoretical fractional order
model for their setup. Martinez et. al (2016) concluded that the homogenous field only exhibits
viscoelastic fractional behavior at lower characterized frequencies.

2.6

Applications of Fractional Order Calculus

Applications of fractional order models in engineering and technology is a slowly
emerging field. Previously, assumptions were made regarding the need for fractional order
models for use-based research and use inspired research. The assumptions concluded that the
need for fractional order models is negligible and did not provide any further significance over
its integer counterparts. However, with the progress of time and more focused research
conducted on various phenomena, fractional order models have been useful for many
applications. Some applications of fractional order models include robotics, control systems,
electrochemical applications such as, chronoamperometry (current as a function of time and
applied voltage in a system), voltammetry (current as a function of applied voltage to the system)
and impedance spectroscopy; and biomedical applications, such as ocular based models,
viscoelastic models of cells and tissue, and respiratory mechanics. Based on the introduction of
some methodology using fractional calculus, the application of fractional calculus section will
summarize some recent applications of fractional calculus specifically in dynamic systems.
A study by Machado et al. (2010) described various fractional order applications in
engineering. One of these applications discussed on the topic of trajectory control of a robot with
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redundant manipulators. As defined by Machado et al. (2010), “a redundant manipulator is a
robotic arm possessing more degrees of freedom than those required to establish an arbitrary
position and orientation.” The described type of redundancy is used in industry to make sure the
robot can move and orient itself around obstacles with minimal change in the end result/process.
When modelling this system using a closed loop pseudoinverse method and comparing it to data
collected from a 3R robot, Machado et al. (2010) have found the presence of fractional order
harmonics in the system when the robot arm is rotating close to its base. They have observed that
the data resembles patterns created by chaotic systems and only occur in specific regions.
According to Machado et al. (2010) further work needs to be conducted to confirm this behavior
in the system to verify if it is of inherent fractional order.
In the field of biomedical engineering, there are several fractional order models that
better describe the dynamics of the system. One of these interesting models is the fractional order
model of respiratory mechanics summarized by Magin (2006). It is modelled by using a
pulmonary impedance model to better explain the viscoelastic nature of the lung tissues. Figure
2.15 demonstrates comparison between the integer and fractional order models of the respiratory
system. The respiratory models are derived from fractional order representation of impedance.
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Figure 2.15 Integer model vs fractional model of a respiratory system. (Magin, 2006)

2.7

Chapter Summary

The contents of the Literature Review chapter summarize the mathematical concepts,
seminal work and other bodies of work that encompass the field of fractional order applications.
The initial fractional order dynamic model of a transient response of a rigid plate immersed in a
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fluid as described by Magin (2006) and Torvik and Bagley (1984) show many assumptions that
cannot be practically modelled in an experiment. Therefore, this means that an experiment on
this model has never been conducted by physically observing and modelling the fractional
dampening factor of a homogenous field.
The proposed research and experiment aims to fills these gaps by conducting an
experiment by replicating a setup that physically considers the fluid behavior. However, due to
the challenges of the theorized model, there will be minor changes to the apparatus to ensure the
minimization of transitional flow areas as well as maintaining optimal boundary layer conditions.
The next chapter will encompass the experimental apparatus and testing procedure to validate the
proposed mathematical model.
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RESEARCH METHODOLOGY

3.1

Research Approach and Hypothesis

Is the underlying physics of a dynamic system consisting of an object undergoing shear
stress in a homogenous field be experimentally validated utilizing a fractional order model? Is
there a significant difference between an integer order model and a fractional order model that
characterize the transient response of an object undergoing a shear stress in a homogenous field?
An experimental study of the dynamic system allows for a quantitative analysis and
comparison between the integer order and fractional order models. The proposed dynamic
system consists of a torsional spring, a homogenous field – water, and a cylinder. The
experimental validation allows for identification of the appropriate model based on the
underlying physics of the problem that best describes an object moving in a fluid.
The hypothesis for the proposed experiment is straightforward due to the specific focus
of the problem. The null hypothesis (H0) of the proposed research states that: “The mathematical
model used to describe an object undergoing shear stress in a homogenous field is inherently of
fractional order”. Therefore, alternate hypothesis (HA) of the proposed research states that: “The
mathematical model used to describe an object undergoing shear stress in a homogenous field is
not inherently of fractional order”.
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3.2

Theoretical Models

The proposed research will utilize two theoretical models to evaluate the hypothesis
tested through the experimental data comparisons. The two theoretical models are of integer
order and fractional order.
3.2.1

Integer Order Theoretical Model

The integer order model for the proposed experimental study is a dynamic system that is
modelled by using familiar physical concepts taught in engineering academics. The integer order
model used for the proposed research is based on the equation of motion of a dynamic system.
Figure 3.1 illustrates a free body diagram of an integer model. Equation 3.1 shows the equation
of motion for the system in integer order.

Figure 3.1. An oscillating disk with initial boundary conditions.
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𝐼𝜃̈ + 𝐶𝜃̇ + 𝐾𝜃 = 𝑓(𝑡)

(Eqn 3.1)

Where; I is the second moment of area of the cylinder, C is the damping coefficient of the
fluid and K is the spring constant. The second area moment of the cylinder is shown in equation
3.2

𝐼=

𝜋𝜌ℎ 4
4
(𝑟𝑜𝑢𝑡𝑒𝑟 − 𝑟𝑖𝑛𝑛𝑒𝑟
)
2

(Eqn 3.2)

The spring used in the experiment is a torsional spring. The equation to measure the
spring stiffness of the torsional spring is shown in equation 3.3

4
𝐺𝜋𝐷𝑠𝑝𝑟𝑖𝑛𝑔
𝐾=
32𝐿

(Eqn 3.3)

The general solution to a dynamic system in free oscillation is given by equation 3.4

𝜃 = 𝐴𝑠𝑖𝑛(𝜔𝑡 + 𝜙)𝑒 −𝜎𝑡

(Eqn 3.4)

Where; A is a constant, ω is the natural frequency of the system, ϕ is the phase difference,
and σ is the shear stress.
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3.2.2

Fractional order Theoretical Model

The fractional order model used for the proposed research is based on the equation of
motion of a dynamic system. All the terms of the equation of motion are not considered to be of
fractional order. The damping coefficient of the fluid acting on the cylinder is considered to be of
fractional order. The derivation of the fractional order term is further elaborated in this section.
Figure 3.2 illustrates a free body diagram of fractional order model setup.

Figure 3.2 An oscillating cylinder with initial boundary conditions – fractional model.
The fractional order model used for the proposed research is derived from the θcomponent of the general form of the Navier Stokes equation. Eliminating all zero terms on the
θ-component of the Navier Stokes equation, equation 3.5 shows the revised θ-component of the
Navier Stokes equation.
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𝑑𝑣𝜃
𝑑 1𝑑
1 𝑑 2 𝑣𝜃 2 𝑑𝑣𝜃
(𝑟𝑣𝜃 )) + 2
𝜌(
) = 𝜇( (
+
)
𝑑𝑡
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃

(Eqn 3.5)

Equation 3.5 is solved for vθ by using Laplace transforms. Equation 3.6 shows the
solution of vθ in the s-domain.

𝜇
𝑒𝜃
(−1+√ 2 2 +𝜌𝑠+1)𝜃
𝑟
𝑠
𝑣(𝜃, 𝑠) = 𝑣𝑝 [(1 − cosh(𝜃)) 𝑒
2

(Eqn 3.6)
𝜃

𝑒
+(
2

𝜇
−(1+√ 2 2 +𝜌𝑠+1)𝜃
𝑟
𝑠
cosh(𝜃)) 𝑒
]

Therefore, the first order derivative of equation 3.6 is shown in equation 3.7

𝑣 ′ (𝜃, 𝑠) = 𝑣𝑝 [{(1 −

𝑒𝜃
cosh(𝜃)) (−1
2

𝜇
𝜇
(−1+√ 2 2 +𝜌𝑠+1)𝜃
𝑟 𝑠
+
𝜌𝑠
+
1)
𝑒
}
𝑟 2𝑠2

+√

𝜇
𝑒𝜃
𝜇
−(1+√ 2 2 +𝜌𝑠+1)𝜃
𝑟
𝑠
√
− { cosh(𝜃) (1 +
+ 𝜌𝑠 + 1) 𝑒
}]
2
𝑟 2𝑠2

𝜇

= 𝑣𝑝 (−1 + √

𝑟 2𝑠2

+ 𝜌𝑠 + 1) [𝑣(𝜃, 𝑠)

𝜇
𝑒𝜃
−(1+√ 2 2 +𝜌𝑠+1)𝜃
𝑟 𝑠
− 2 ( cosh(𝜃)) 𝑒
]
2

(Eqn 3.7)
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1

The inverse Laplace transform of √𝑠2 is close to zero. Therefore, equation 3.7 is further
simplified and shown in equation 3.8

𝑣 ′ (𝜃, 𝑠) = 𝑣𝑝 (−1 + √𝜌𝑠 + 1) [𝑣(𝜃, 𝑠) − 2 (

𝑒𝜃
cosh(𝜃)) 𝑒 −(1+√𝜌𝑠+1)𝜃 ]
2

(Eqn 3.8)

To establish the shear stress on the cylinder, equation 2.33 is referenced. Referencing
equation 2.33 and eliminating all zero terms in consideration of the current dynamic system is
shown in equation 3.9.
1 𝑑𝑣𝜃
2 1 𝑣𝜃
4𝜇
𝜏(𝜃, 𝑠) = −𝜇 [2 (
)− (
)] = − 𝑣′(𝜃, 𝑠)
𝑟 𝑑𝜃
3 𝑟 𝑑𝜃
3𝑟

(Eqn 3.9)

Substituting equation 3.8 in equation 3.9, the following expression shown in equation
3.10 is achieved.

𝜏(𝜃, 𝑠) = −

4𝜇𝑣𝑝 (𝑠)
(−1 + √𝜌𝑠 + 1) [𝑣(𝜃, 𝑠) − 𝑒 𝜃 cosh(𝜃)𝑒 −(1+√𝜌𝑠+1)𝜃 ]
3𝑟

(Eqn 3.10)

Taking the inverse Laplace transform of equation 3.10 will result in an expression that
contains a 3/2 derivative for the shear stress expression along with a Bessel function. The terms
in equation 3.10 that creates the fractional derivative on the inverse Laplace transform is
(−1 + √𝜌𝑠 + 1). The coefficient attached to the Bessel function is used to model the coefficient
of damping in the fractional model for the equation of motion. The derivation utilized from
equations 3.5 to 3.10 justify the fractional component of the theoretical model.
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3.3

Experimental Apparatus

Torvik and Bagley’s original proposed model could not be experimentally validated
because of several factors. Firstly, Torvik and Bagley’s proposed model did not consider trailing
or leading edges of the plate as it moved in the fluid, which plays a significant role in the shear
stress undergone by the object in the fluid. Secondly, the system is modelled by a single spring
attached vertically to plate. Practically, this would not be a one-dimensional movement as
predicted by the model. Due to these inconsistencies, Torvik and Bagley performed their
experiment on a viscoelastomer under loading.
To avoid these issues and to design an experiment based on the proposed model. The
original proposed design involved a radially oscillating disk utilized rather than a linearly
oscillating plate in a fluid. Due to issues in alignment of the disk to the shaft, a radially
oscillating cylinder is utilized. There are visual mathematical changes in the theoretical model
from a Cartesian frame of reference to a Polar frame of reference. The object and motion change
allow for predictable control of the fluid behavior at the surfaces of the cylinder as it oscillates in
the fluid, allowing for accurate modelling of the system.
The apparatus required to conduct the proposed experiment is stated as follows; an
acrylic fish tank of dimensions 24 inch x 24 inch x 25inch, distilled water, a stainless steel shaft
of 8 mm diameter, a schedule 80 cylinder of 4 inch diameter, a Bones Swiss ceramic skateboard
bearing, E52100 alloy steel ball, an aluminum brazing rod used as a torsional spring, a camera,
and miscellaneous components made of wood and PLA (Polylactic acid thermoplastic – 3D
printing material) for the apparatus structure. The Bones Swiss ceramic skateboard bearing was
utilized rather than an ABEC (Annular Bearing Engineering Committee – part of the American
Bearing Manufactures Association) rated ball bearing due to cost efficiency. The selection of the
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bearing meant that the diameter of the shaft had to be 8mm. A stainless steel shaft of 8 mm was
utilized for this experiment as it would be submerged in water. Figure 3.3 illustrates a schematic
of the apparatus. Figure 3.4 illustrates the side view of the experimental setup. Figure 3.5
provides a focused illustration at the bearing contact points.

Figure 3.3 Schematic of the experimental apparatus.
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Figure 3.4 Experimental apparatus.
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Figure 3.5 Bearing contact points of the apparatus.

The designed bearing contact points significantly decreased mechanical friction in the
system. To quantify the decrease in mechanical friction of the bearing contact points, a test was
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conducted. The setup of the test involved removing the torsional spring assembly, and not
submerging the tank in water. A large initial force (spin) is applied to the shaft. The cylinder
spun for 100 seconds before coming to rest after a large initial force is applied.

3.4

Testing Conditions

The proposed experiment is conducted in standard temperature and pressure with the
cylinder fully submersed in the fluid. To maintain the accuracy of the model, the surface finish of
the cylinder is appropriately machined to match the theoretical fluid boundary formation
parameters. The cross section of the tank is significantly larger than the cross section of the
cylinder. The large difference in cross section negates the effects of the wall boundary conditions
of the tank. The shaft is perpendicular to the base of the tank and the cylinder. The cylinder
needs to be balanced beforehand. The balance of the cylinder is addressed by maintain tight
machining tolerances. Machining tolerances for the shaft and cylinder are to be kept at 0.01 inch
for accuracy of the physical model.

3.5

Testing Procedure

The testing procedure entails two main steps: calibration and data acquisition. The
calibration procedure involves the calibration check of the spring attached to the assembly, the
position of the shaft and cylinder corresponding to the tank, and the calibration of the camera
utilized in the system. The point of calibration of the shaft is done by the positioning of bearing
assembly. The frame constructed for the experimental setup is designed to maintain the
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straightness of the entire setup. The frame is machined utilizing a CNC router and CNC laser
cutter. Since the ceramic bearing is attached to the shaft utilizing a press-fit, liquid nitrogen was
used to shrink the shaft to allow for positioning of the bearing. The bearing housing is 3D printed
and is attached to two sets of acrylic plates. The two sets of acrylic plates allow for fine height
adjustment, in the case of the position of the ceramic bearing on the shaft was not accurate. A
camera is utilized for data acquisition. The camera used for the experiment is a Panasonic
LUMIX G7 at 60 frames per second, at shutter speed of 1/1000 seconds (100 ISO). Due to high
exposure times, an additional light source is used to illuminate the object.
Data acquisition involves using the video file and an open source physics software called
Tracker (Brown, 2008). Tracker allows to for setting up a frame of reference and track one or
multiple points over time (Brown, 2008). Tracker can then utilize the relative positions based on
the settings to create data points that are used for further analysis. Figure 3.6 illustrates a
screenshot of tracker after analyzing the video file of data.

Figure 3.6 Tracker – Data acquisition of the response of the system. (Brown, 2008)
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The recorded points can be exported to a text file or excel file and be imported into a data
computational software. MATLAB is used for data computational analysis on theoretical model
comparisons and curve fits.

3.6

Measurements of Evaluation

The data acquired from the system is then plotted in comparison to the theoretical models
for a given set of oscillations. The graphical comparison of the data will provide the
experimental validation of the hypothesis required. The theoretical models will be calculated
using the same experimental parameters. The crucial measure of success for the proposed
experiment is to observe inherent fractional behavior of the model reflected by the experimental
data across the various tests conducted. The measure of success directly translates to a theoretical
curve fit of the experimental data. The parameter of measurement of success is the percentage
curve fit of each model and the change in frequency of each model vs the experimental data. The
measure of success allows for better understanding of the physics of the system and theorize
which similar dynamic systems will provide a similar response to this phenomenon.

3.7

Threats to Validity

There are three main threats to validity. The first issue is with the response of the
torsional spring. The torsional spring may have a dead spot at the mean rest position and will
have a variable spring constant over time. Since the mathematical model is considered quasistatic, this may cause issues to recorded data. This can be avoided by utilizing small angles of
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rotation to acquire data or periodically replace the torsional spring. Experimentally, the torsional
spring used undergoes plastic deformation after 5-7 uses. A new torsional spring is used for
every set of data acquired. The second issue is the calibration of the shaft and the cylinder with
respect to the tank. If the cylinder is not perpendicular and balanced, there will be a slight
wobble which will affect the shear stress formation on the surface. Additionally, of the shaft and
cylinder are perpendicular to each other and not to the base of the tank, bearing life is observed
to reduce. This is because of uneven loading experienced by the ceramic bearing, which
introduces mechanical friction to the system. The third threat to validity is the torsional spring
utilized in the experimental setup. The torsional spring must operate in radial direction (one
dimensional). The torsional spring must also be inspected after every experimental run to ensure
there is no cracking and plastic deformation that can potentially be introduced to the system.
Failure to address the threats to validity leads to acquisition of biased data. The stated
issues can be avoided by careful machining practices and verification of tolerances at every step
of the process.

3.8

Chapter Summary

The contents of the Methodology chapter summarize the design and calibration of the
experimental apparatus along with the testing procedures and data acquisition. The next chapter
encompasses the obtained results and comparisons between the experimental data and
mathematical models.
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RESULTS

The results chapter consists of the data obtained from the experimental apparatus and the
comparison of the experimental data with the fractional order and integer order theoretical
models. The main section of the results chapter will cover the direct comparison of the integer
order and fractional order theoretical models with the experimental data using MATLAB. The
characterization of the three data sets and curve fits of the theoretical models to the experimental
models will be further discussed.

4.1

Experimental Data

The obtained experimental data is illustrated in Figure 4.1. The raw data points are
attached in the appendix for further reference. The error associated with the experimental data is
the size of the tracking marker. The error associated with the experimental data is 0.87º.
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Figure 4.1 Graphical representation of experimental data. (Mathworks, 2015)

4.2

Theoretical Integer Order Model Comparison

For the recorded experimental data, it is observed that the dynamic system is
characterized as an underdamped system. The integer order theoretical model for the dynamic
system in comparison to the experimental data is illustrated in figure 4.2 and 4.3.
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5
Figure 4.2 Comparison between experimental data and integer order model. (Mathworks, 2015)

Figure 4.3 Comparison between experimental data and integer model (5 <=t <= 6.8).
(Mathworks, 2015)
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4.3

Theoretical Fractional Order Model Comparison

The fractional order theoretical model is obtained in MATLAB by using a custom library
created by Podlubny (2016). Podlubny’s (2016) library provides a matrix approach to solving
ordinary and partial differential equations of arbitrary real order. To use the equation solver
created by Podlubny, some factors of the main function (bagleytorvikequation(A,B,C)) were
changed. The equation solver created by Podlubny requires an initial force applied to the system.
The initial force on the system that mimics the initial condition of the utilized in the experimental
setup is characterized by equation 4.1. Figure 4.4 illustrates the input function and the response
of the fractional order model.

𝑡

𝑓(𝑡) = {

−23.75 (1 − 𝑒 −2 ) ,
0,

0 < 𝑡 < 11.9
𝑡 ≥ 11.9

Figure 4.4 Response of fractional order model. (Mathworks, 2015)

(Eqn 4.1)
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The fractional order theoretical model for the dynamic system in comparison to the
experimental data is illustrated in figure 4.5 and 4.6.

Figure 4.5 Comparison between experimental data and fractional order model. (Mathworks,
2015)
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Figure 4.6 Comparison between experimental data and fractional model (5 <=t <= 6.8).
(Mathworks, 2015)

The comparison of the fractional order and integer order models for the dynamic system
in comparison to the experimental data is illustrated in figure 4.7 and 4.8.
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Figure 4.7 Comparison of experimental data to both integer and fractional order theoretical
models. (Mathworks, 2015)

Figure 4.8 Comparison of experimental data to both integer and fractional order theoretical
models (5 <=t <= 6.8). (Mathworks, 2015)
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Based on the observations in figure 4.7 and 4.8, we can observe very slight variations in
the theoretical models in comparison to the integer order models. To check the linearity of the
models, the time intervals between each peak is graphed against the number of peaks. Figure 4.9
illustrates the linearity of each model. The MATLAB code utilized for the analysis is attached in
the appendix for further reference.

Figure 4.9 Linearity of experimental data in comparison to theoretical models. (Mathworks,
2015)

4.4

Chapter Summary

The contents of the Results chapter summarize the comparison of the experimental data to
the integer order and fractional order models of the dynamic system. The next chapter will discuss
the comparative results and conclude on the hypothesis tested in the experimental study.
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SUMMARY, CONCLUSIONS AND
RECOMMENDATIONS

5.1

Discussions

The comparison between the integer order and fractional order models were illustrated
in figure 4.7 and 4.8. As observed in figure 4.7, at higher frequencies, the theoretical models fit
the experimental data with a high degree of certainty. At lower frequencies, observed clearly in
figure 4.8, the percentage fit between the theoretical models and the experimental data decreases.
However, from figure 4.9, it is observed that the slope of the fractional order model closely
resembles the slope of the experimental data. Meanwhile, from figure 4.9, the slope of the
integer order model does not resemble the slope of the experimental data. From the above
observations, one can conclude that the fractional order model is a better characteristic fit of the
experimental data than the integer order model.

5.2

Future Work

There are three factors in the experimental study that can be improved on for future work.
The first improvement factor is the construction of the experimental apparatus. Utilizing
magnetic or pneumatic bearings for the setup have the potential to further decrease mechanical
friction. The tank and support structure used for the experimental setup can be replaced by a
metal frame and metal enclosure. The metal frame and metal enclosure would allow for
increased accuracy in positing of the system.
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The second improvement factor is related to the theoretical analysis of the experimental
study. The current experimental study utilized curve fits between the experimental data and the
theoretical models. The next iteration of the experimental study should involve complete
derivation of the fractional order theoretical model, up to the fractional order differential
equation (equation of motion of the system) and its three parameter analytical solution.
The third improvement factor is regarding the homogenous filed (fluid) used in the
experimental setup. The current experimental setup utilizes distilled water for the experimental
runs. Using fluids of different viscosities and comparing the fractional order models can shed
light into the change in characterization of the models with the change in viscosity.

5.3

Conclusion

The mathematical model used to describe an object undergoing shear stress in a
homogenous field is inherently of fractional order. However, based on application, the
approximation made by the integer order model is more time and resource efficient. The
fractional order model is better suited to observe lower frequency dynamic systems in
homogenous fields.

5.4

Chapter Summary

The contents of Discussions and Conclusion chapter summarizes the observed findings of
the measurement system and conclude on the research hypothesis of the experimental study.
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APPENDIX A. EXPERIMENTAL DATA

Table A.1 Measured experimental data obtained from tracker.
t

θ

x

y

err

6.67E-02

9.76E+01 -1.28E-01

9.53E-01

9.67E-01

1.00E-01

1.03E+02 -2.10E-01

9.44E-01

8.94E-01

1.33E-01

1.12E+02 -3.35E-01

8.29E-01

8.85E-01

1.67E-01

1.28E+02 -5.42E-01

6.99E-01

8.77E-01

2.00E-01

1.50E+02 -7.60E-01

4.38E-01

8.90E-01

2.34E-01

1.73E+02 -8.83E-01

1.13E-01

8.93E-01

2.67E-01

1.93E+02 -8.69E-01

-2.02E-01

9.39E-01

3.00E-01

2.13E+02 -7.90E-01

-5.09E-01

9.23E-01

3.34E-01

2.26E+02 -6.37E-01

-6.68E-01

9.60E-01

3.67E-01

2.36E+02 -5.35E-01

-7.97E-01

9.67E-01

4.00E-01

2.40E+02 -4.80E-01

-8.40E-01

9.64E-01

4.34E-01

2.38E+02 -5.07E-01

-8.20E-01

9.60E-01

4.67E-01

2.29E+02 -6.36E-01

-7.20E-01

9.44E-01

5.01E-01

2.20E+02 -7.27E-01

-6.01E-01

9.34E-01

5.34E-01

2.04E+02 -8.50E-01

-3.87E-01

8.96E-01

5.67E-01

1.86E+02 -8.90E-01

-1.00E-01

8.87E-01

6.01E-01

1.69E+02 -8.70E-01

1.76E-01

8.79E-01

6.34E-01

1.51E+02 -7.72E-01

4.21E-01

8.84E-01

6.67E-01

1.38E+02 -6.55E-01

5.95E-01

8.86E-01

7.01E-01

1.28E+02 -5.42E-01

7.01E-01

8.87E-01

7.34E-01

1.23E+02 -4.77E-01

7.47E-01

8.86E-01

7.67E-01

1.22E+02 -4.74E-01

7.49E-01

8.85E-01

8.01E-01

1.27E+02 -5.33E-01

7.06E-01

8.81E-01

8.34E-01

1.36E+02 -6.36E-01

6.10E-01

8.78E-01

8.68E-01

1.49E+02 -7.53E-01

4.52E-01

8.81E-01

9.01E-01

1.65E+02 -8.51E-01

2.25E-01

8.89E-01
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9.34E-01

1.82E+02 -8.89E-01

-2.51E-02

8.94E-01

9.68E-01

1.97E+02 -8.56E-01

-2.59E-01

9.43E-01

1.00E+00 2.11E+02 -8.12E-01

-4.81E-01

9.50E-01

1.03E+00 2.20E+02 -7.24E-01

-6.14E-01

9.48E-01

1.07E+00 2.25E+02 -6.67E-01

-6.73E-01

9.48E-01

1.10E+00 2.26E+02 -6.56E-01

-6.84E-01

9.49E-01

1.13E+00 2.23E+02 -6.96E-01

-6.45E-01

9.46E-01

1.17E+00 2.15E+02 -7.73E-01

-5.46E-01

9.42E-01

1.20E+00 2.05E+02 -8.56E-01

-3.94E-01

8.92E-01

1.23E+00 1.91E+02 -8.77E-01

-1.64E-01

8.92E-01

1.27E+00 1.77E+02 -8.90E-01

4.58E-02

8.86E-01

1.30E+00 1.64E+02 -8.49E-01

2.52E-01

8.80E-01

1.33E+00 1.51E+02 -7.68E-01

4.31E-01

8.82E-01

1.37E+00 1.42E+02 -6.91E-01

5.47E-01

8.83E-01

1.40E+00 1.36E+02 -6.32E-01

6.17E-01

8.83E-01

1.43E+00 1.34E+02 -6.13E-01

6.35E-01

8.82E-01

1.47E+00 1.36E+02 -6.37E-01

6.10E-01

8.80E-01

1.50E+00 1.42E+02 -6.96E-01

5.39E-01

8.78E-01

1.53E+00 1.51E+02 -7.69E-01

4.25E-01

8.77E-01

1.57E+00 1.63E+02 -8.37E-01

2.60E-01

8.85E-01

1.60E+00 1.76E+02 -8.83E-01

5.82E-02

8.89E-01

1.63E+00 1.89E+02 -8.79E-01

-1.33E-01

8.96E-01

1.67E+00 2.00E+02 -8.42E-01

-3.07E-01

9.10E-01

1.70E+00 2.09E+02 -7.97E-01

-4.40E-01

9.15E-01

1.74E+00 2.14E+02 -7.55E-01

-5.18E-01

9.19E-01

1.77E+00 2.16E+02 -7.40E-01

-5.45E-01

9.16E-01

1.80E+00 2.15E+02 -7.54E-01

-5.20E-01

9.13E-01

1.84E+00 2.10E+02 -7.94E-01

-4.50E-01

9.06E-01

1.87E+00 2.02E+02 -8.42E-01

-3.34E-01

8.94E-01

1.90E+00 1.91E+02 -8.76E-01

-1.78E-01

8.93E-01
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1.94E+00 1.80E+02 -8.93E-01

-6.41E-03

8.81E-01

1.97E+00 1.69E+02 -8.64E-01

1.70E-01

8.78E-01

2.00E+00 1.58E+02 -8.16E-01

3.22E-01

8.77E-01

2.04E+00 1.50E+02 -7.61E-01

4.37E-01

8.79E-01

2.07E+00 1.45E+02 -7.19E-01

5.06E-01

8.79E-01

2.10E+00 1.43E+02 -6.99E-01

5.34E-01

8.80E-01

2.14E+00 1.44E+02 -7.08E-01

5.22E-01

8.75E-01

2.17E+00 1.48E+02 -7.39E-01

4.69E-01

8.74E-01

2.20E+00 1.54E+02 -7.87E-01

3.80E-01

8.75E-01

2.24E+00 1.63E+02 -8.38E-01

2.53E-01

8.83E-01

2.27E+00 1.74E+02 -8.78E-01

8.93E-02

8.88E-01

2.30E+00 1.84E+02 -8.86E-01

-6.81E-02

8.91E-01

2.34E+00 1.94E+02 -8.65E-01

-2.13E-01

8.99E-01

2.37E+00 2.02E+02 -8.36E-01

-3.30E-01

9.06E-01

2.40E+00 2.07E+02 -8.09E-01

-4.08E-01

9.09E-01

2.44E+00 2.09E+02 -7.96E-01

-4.40E-01

9.09E-01

2.47E+00 2.08E+02 -8.01E-01

-4.29E-01

9.04E-01

2.50E+00 2.04E+02 -8.23E-01

-3.74E-01

8.94E-01

2.54E+00 1.98E+02 -8.49E-01

-2.80E-01

8.92E-01

2.57E+00 1.90E+02 -8.78E-01

-1.60E-01

8.87E-01

2.60E+00 1.81E+02 -8.87E-01

-2.03E-02

8.84E-01

2.64E+00 1.73E+02 -8.76E-01

1.14E-01

8.73E-01

2.67E+00 1.63E+02 -8.36E-01

2.51E-01

8.76E-01

2.70E+00 1.56E+02 -8.03E-01

3.49E-01

8.75E-01

2.74E+00 1.51E+02 -7.69E-01

4.18E-01

8.75E-01

2.77E+00 1.49E+02 -7.53E-01

4.44E-01

8.73E-01

2.80E+00 1.50E+02 -7.53E-01

4.42E-01

8.75E-01

2.84E+00 1.53E+02 -7.80E-01

3.96E-01

8.73E-01

2.87E+00 1.58E+02 -8.09E-01

3.28E-01

8.73E-01

2.90E+00 1.65E+02 -8.43E-01

2.25E-01

8.76E-01
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2.94E+00 1.73E+02 -8.70E-01

1.01E-01

8.86E-01

2.97E+00 1.82E+02 -8.85E-01

-3.40E-02

8.89E-01

3.00E+00 1.90E+02 -8.75E-01

-1.55E-01

8.92E-01

3.04E+00 1.96E+02 -8.57E-01

-2.49E-01

8.93E-01

3.07E+00 2.01E+02 -8.36E-01

-3.14E-01

8.98E-01

3.10E+00 2.03E+02 -8.28E-01

-3.47E-01

8.96E-01

3.14E+00 2.02E+02 -8.30E-01

-3.39E-01

8.94E-01

3.17E+00 2.00E+02 -8.43E-01

-2.99E-01

8.93E-01

3.20E+00 1.95E+02 -8.63E-01

-2.29E-01

8.88E-01

3.24E+00 1.89E+02 -8.78E-01

-1.33E-01

8.84E-01

3.27E+00 1.82E+02 -8.84E-01

-2.40E-02

8.82E-01

3.30E+00 1.74E+02 -8.78E-01

8.82E-02

8.80E-01

3.34E+00 1.67E+02 -8.58E-01

1.92E-01

8.74E-01

3.37E+00 1.61E+02 -8.28E-01

2.78E-01

8.76E-01

3.40E+00 1.58E+02 -8.09E-01

3.35E-01

8.76E-01

3.44E+00 1.55E+02 -7.97E-01

3.64E-01

8.74E-01

3.47E+00 1.56E+02 -7.95E-01

3.62E-01

8.74E-01

3.50E+00 1.58E+02 -8.10E-01

3.29E-01

8.72E-01

3.54E+00 1.62E+02 -8.29E-01

2.71E-01

8.77E-01

3.57E+00 1.68E+02 -8.57E-01

1.85E-01

8.79E-01

3.60E+00 1.74E+02 -8.75E-01

8.53E-02

8.83E-01

3.64E+00 1.81E+02 -8.83E-01

-1.61E-02

8.84E-01

3.67E+00 1.87E+02 -8.77E-01

-1.08E-01

8.89E-01

3.70E+00 1.92E+02 -8.69E-01

-1.89E-01

8.91E-01

3.74E+00 1.96E+02 -8.57E-01

-2.42E-01

8.92E-01

3.77E+00 1.98E+02 -8.51E-01

-2.69E-01

8.91E-01

3.80E+00 1.97E+02 -8.50E-01

-2.64E-01

8.88E-01

3.84E+00 1.95E+02 -8.57E-01

-2.31E-01

8.87E-01

3.87E+00 1.91E+02 -8.69E-01

-1.77E-01

8.83E-01

3.90E+00 1.86E+02 -8.78E-01

-9.97E-02

8.84E-01
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3.94E+00 1.81E+02 -8.83E-01

-1.61E-02

8.75E-01

3.97E+00 1.75E+02 -8.71E-01

8.00E-02

8.73E-01

4.00E+00 1.69E+02 -8.57E-01

1.63E-01

8.72E-01

4.04E+00 1.65E+02 -8.42E-01

2.29E-01

8.73E-01

4.07E+00 1.62E+02 -8.29E-01

2.74E-01

8.71E-01

4.10E+00 1.60E+02 -8.19E-01

2.97E-01

8.73E-01

4.14E+00 1.60E+02 -8.23E-01

2.94E-01

8.72E-01

4.17E+00 1.62E+02 -8.29E-01

2.71E-01

8.72E-01

4.20E+00 1.65E+02 -8.43E-01

2.23E-01

8.72E-01

4.24E+00 1.69E+02 -8.57E-01

1.61E-01

8.74E-01

4.27E+00 1.74E+02 -8.70E-01

8.38E-02

8.77E-01

4.30E+00 1.80E+02 -8.77E-01

4.04E-03

8.81E-01

4.34E+00 1.85E+02 -8.78E-01

-6.97E-02

8.80E-01

4.37E+00 1.88E+02 -8.71E-01

-1.29E-01

8.81E-01

4.40E+00 1.91E+02 -8.64E-01

-1.70E-01

8.85E-01

4.44E+00 1.93E+02 -8.63E-01

-1.94E-01

8.84E-01

4.47E+00 1.92E+02 -8.63E-01

-1.89E-01

8.80E-01

4.50E+00 1.91E+02 -8.65E-01

-1.61E-01

8.79E-01

4.54E+00 1.88E+02 -8.71E-01

-1.19E-01

8.79E-01

4.57E+00 1.84E+02 -8.77E-01

-6.37E-02

8.77E-01

4.60E+00 1.80E+02 -8.77E-01

2.91E-03

8.74E-01

4.64E+00 1.75E+02 -8.71E-01

7.27E-02

8.73E-01

4.67E+00 1.71E+02 -8.63E-01

1.34E-01

8.70E-01

4.70E+00 1.68E+02 -8.49E-01

1.87E-01

8.70E-01

4.74E+00 1.65E+02 -8.41E-01

2.21E-01

8.72E-01

4.77E+00 1.64E+02 -8.39E-01

2.40E-01

8.70E-01

4.80E+00 1.64E+02 -8.37E-01

2.38E-01

8.70E-01

4.84E+00 1.66E+02 -8.43E-01

2.16E-01

8.69E-01

4.87E+00 1.68E+02 -8.50E-01

1.82E-01

8.73E-01

4.90E+00 1.71E+02 -8.63E-01

1.29E-01

8.73E-01
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4.94E+00 1.75E+02 -8.70E-01

7.25E-02

8.77E-01

4.97E+00 1.79E+02 -8.77E-01

1.24E-02

8.78E-01

5.01E+00 1.83E+02 -8.77E-01

-4.23E-02

8.79E-01

5.04E+00 1.86E+02 -8.75E-01

-8.82E-02

8.79E-01

5.07E+00 1.87E+02 -8.71E-01

-1.14E-01

8.79E-01

5.11E+00 1.88E+02 -8.70E-01

-1.28E-01

8.80E-01

5.14E+00 1.88E+02 -8.71E-01

-1.25E-01

8.79E-01

5.17E+00 1.87E+02 -8.72E-01

-1.04E-01

8.80E-01

5.21E+00 1.85E+02 -8.77E-01

-7.52E-02

8.77E-01

5.24E+00 1.82E+02 -8.76E-01

-3.24E-02

8.78E-01

5.27E+00 1.79E+02 -8.78E-01

1.39E-02

8.73E-01

5.31E+00 1.76E+02 -8.71E-01

6.46E-02

8.74E-01

5.34E+00 1.73E+02 -8.67E-01

1.05E-01

8.75E-01

5.37E+00 1.71E+02 -8.63E-01

1.42E-01

8.73E-01

5.41E+00 1.69E+02 -8.56E-01

1.68E-01

8.74E-01

5.44E+00 1.68E+02 -8.56E-01

1.76E-01

8.74E-01

5.47E+00 1.69E+02 -8.57E-01

1.72E-01

8.73E-01

5.51E+00 1.70E+02 -8.59E-01

1.58E-01

8.74E-01

5.54E+00 1.72E+02 -8.64E-01

1.29E-01

8.75E-01

5.57E+00 1.74E+02 -8.70E-01

9.34E-02

8.73E-01

5.61E+00 1.76E+02 -8.71E-01

5.85E-02

8.76E-01

5.64E+00 1.79E+02 -8.76E-01

1.74E-02

8.77E-01

5.67E+00 1.81E+02 -8.77E-01

-1.79E-02

8.77E-01

5.71E+00 1.83E+02 -8.76E-01

-4.61E-02

8.79E-01

5.74E+00 1.84E+02 -8.77E-01

-6.47E-02

8.80E-01

5.77E+00 1.85E+02 -8.77E-01

-7.16E-02

8.79E-01

5.81E+00 1.84E+02 -8.77E-01

-6.64E-02

8.79E-01

5.84E+00 1.83E+02 -8.77E-01

-5.16E-02

8.78E-01

5.87E+00 1.82E+02 -8.77E-01

-3.00E-02

8.77E-01

5.91E+00 1.80E+02 -8.77E-01

-2.58E-03

8.78E-01
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5.94E+00 1.78E+02 -8.77E-01

2.64E-02

8.79E-01

5.97E+00 1.76E+02 -8.77E-01

5.38E-02

8.77E-01

6.01E+00 1.75E+02 -8.74E-01

8.29E-02

8.76E-01

6.04E+00 1.73E+02 -8.70E-01

1.01E-01

8.76E-01

6.07E+00 1.73E+02 -8.69E-01

1.13E-01

8.78E-01

6.11E+00 1.72E+02 -8.70E-01

1.16E-01

8.76E-01

6.14E+00 1.73E+02 -8.69E-01

1.13E-01

8.77E-01

6.17E+00 1.73E+02 -8.71E-01

1.01E-01

8.75E-01

6.21E+00 1.74E+02 -8.71E-01

8.64E-02

8.79E-01

6.24E+00 1.76E+02 -8.77E-01

6.14E-02

8.78E-01

6.27E+00 1.77E+02 -8.77E-01

4.02E-02

8.78E-01

6.31E+00 1.79E+02 -8.78E-01

1.85E-02

8.77E-01

6.34E+00 1.80E+02 -8.77E-01

2.40E-03

8.78E-01

6.37E+00 1.81E+02 -8.78E-01

-1.05E-02

8.77E-01

6.41E+00 1.81E+02 -8.77E-01

-1.83E-02

8.77E-01

6.44E+00 1.81E+02 -8.77E-01

-1.83E-02

8.78E-01

6.47E+00 1.81E+02 -8.78E-01

-1.49E-02

8.77E-01

6.51E+00 1.80E+02 -8.77E-01

-5.98E-03

8.78E-01

6.54E+00 1.80E+02 -8.78E-01

5.67E-03

8.77E-01

6.57E+00 1.79E+02 -8.77E-01

1.88E-02

8.78E-01

6.61E+00 1.78E+02 -8.77E-01

3.19E-02

8.78E-01

6.64E+00 1.77E+02 -8.77E-01

4.51E-02

8.79E-01

6.67E+00 1.76E+02 -8.77E-01

5.41E-02

8.79E-01

6.71E+00 1.76E+02 -8.77E-01

6.01E-02

8.78E-01

6.74E+00 1.76E+02 -8.76E-01

6.39E-02

8.79E-01

6.77E+00 1.76E+02 -8.76E-01

6.35E-02

8.79E-01

6.81E+00 1.76E+02 -8.77E-01

5.94E-02

8.79E-01

6.84E+00 1.77E+02 -8.78E-01

5.35E-02

8.79E-01

6.87E+00 1.77E+02 -8.78E-01

4.67E-02

8.79E-01

6.91E+00 1.77E+02 -8.78E-01

4.03E-02

8.79E-01
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6.94E+00 1.78E+02 -8.78E-01

3.31E-02

8.77E-01

6.97E+00 1.78E+02 -8.77E-01

2.87E-02

8.78E-01

7.01E+00 1.78E+02 -8.78E-01

2.53E-02

8.78E-01

7.04E+00 1.78E+02 -8.77E-01

2.45E-02

8.78E-01

7.07E+00 1.78E+02 -8.77E-01

2.47E-02

8.78E-01

7.11E+00 1.78E+02 -8.78E-01

2.59E-02

8.77E-01

7.14E+00 1.78E+02 -8.77E-01

2.87E-02

8.78E-01

7.17E+00 1.78E+02 -8.77E-01

3.10E-02

8.78E-01

7.21E+00 1.78E+02 -8.77E-01

3.19E-02

8.78E-01

7.24E+00 1.78E+02 -8.77E-01

3.16E-02

8.78E-01

7.27E+00 1.78E+02 -8.77E-01

3.15E-02

8.78E-01

7.31E+00 1.78E+02 -8.77E-01

3.12E-02

8.78E-01

7.34E+00 1.78E+02 -8.77E-01

3.15E-02

8.78E-01

7.37E+00 1.78E+02 -8.77E-01

3.16E-02

8.78E-01

7.41E+00 1.78E+02 -8.77E-01

3.19E-02

0.00E+00
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APPENDIX B. MATLAB CODE

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% The MATLAB code below is the main function that analytically solves the
%%% theoretical models and compare the models to the experimental data.
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
close all;
clear;
clc;

% This clears the workspace and any other figures.

I = 0.225;
C = 0.0275;
K = 20.225;
% This computes the constants for the fractional model.
tmax = 35;
h=tmax/7000;
time_frac = 0:h:tmax;
frac_theo_theta = bagleytorvikequation(I,C,K,tmax).* (180/pi);
sf = 11.8215;
% This section computes the fractional model.
data = importdata('raj_thesis_data.txt');
[n_size,~] = size(data);
time_exp = zeros(n_size,1);
theta_exp_f0 = zeros(n_size,1);
time_exp = data(:,1);
theta_exp_f0 = data(:,2);
theta_exp_f0 = theta_exp_f0 - mean(theta_exp_f0);
err = .87*ones(size(time_exp));
% This section extracts the experimental data from a
% text file.
A = -72;
w = 9.3;
phi = 0.82;
sigma = 0.34;
integer_sol_fit =

A.*sin(w.*time_exp + phi).*(exp(-sigma.*time_exp));
% This section computes the integer model.

[peak_mag_exp,peak_index_exp] = findpeaks(theta_exp_f0);
[peak_mag_int,peak_index_int] = findpeaks(integer_sol_fit);
[peak_mag_frac,peak_index_frac] = findpeaks(frac_theo_theta);
% Findpearks function allows for curve fits for the
% characteristic equation.
for n=1:1:10
curve_exp(n,:) = [theta_exp_f0(peak_index_exp(n)3),theta_exp_f0(peak_index_exp(n)-2),...
theta_exp_f0(peak_index_exp(n)1),theta_exp_f0(peak_index_exp(n)), ...
theta_exp_f0(peak_index_exp(n)+1),theta_exp_f0(peak_index_exp(n)+2), ...
theta_exp_f0(peak_index_exp(n)+3)];
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t_exp(n,:) = [time_exp(peak_index_exp(n)-3),time_exp(peak_index_exp(n)2), ...
time_exp(peak_index_exp(n)-1),time_exp(peak_index_exp(n)),...
time_exp(peak_index_exp(n)+1),time_exp(peak_index_exp(n)+2),time_exp(peak_ind
ex_exp(n)+3)];
f_exp(n,:) = polyfit(t_exp(n,:),curve_exp(n,:),2);
peak_fit_t_exp(n) = ((-1)*f_exp(n,2))/(2*f_exp(n,1));
peak_fit_theta_exp(n) =
(f_exp(n,1)*(peak_fit_t_exp(n)^2))+(f_exp(n,2)*peak_fit_t_exp(n))+f_exp(n,3);
curve_int(n,:) = [integer_sol_fit(peak_index_int(n)3),integer_sol_fit(peak_index_int(n)-2),...
integer_sol_fit(peak_index_int(n)1),integer_sol_fit(peak_index_int(n)), ...
integer_sol_fit(peak_index_int(n)+1),integer_sol_fit(peak_index_int(n)+2), ..
.
integer_sol_fit(peak_index_int(n)+3)];
t_int(n,:) = [time_exp(peak_index_int(n)-3),time_exp(peak_index_int(n)2), ...
time_exp(peak_index_int(n)-1),time_exp(peak_index_int(n)),...
time_exp(peak_index_int(n)+1),time_exp(peak_index_int(n)+2),time_exp(peak_ind
ex_int(n)+3)];
f_int(n,:) = polyfit(t_int(n,:),curve_int(n,:),2);
peak_fit_t_int(n) = ((-1)*f_int(n,2))/(2*f_int(n,1));
peak_fit_theta_int(n) =
(f_int(n,1)*(peak_fit_t_int(n)^2))+(f_int(n,2)*peak_fit_t_int(n))+f_int(n,3);
curve_frac(n,:) = [frac_theo_theta(peak_index_frac(n)3),frac_theo_theta(peak_index_frac(n)-2),...
frac_theo_theta(peak_index_frac(n)1),frac_theo_theta(peak_index_frac(n)), ...
frac_theo_theta(peak_index_frac(n)+1),frac_theo_theta(peak_index_frac(n)+2),
...
frac_theo_theta(peak_index_frac(n)+3)];
t_frac(n,:) = [time_frac(peak_index_frac(n)3),time_frac(peak_index_frac(n)-2), ...
time_frac(peak_index_frac(n)-1),time_frac(peak_index_frac(n)),...
time_frac(peak_index_frac(n)+1),time_frac(peak_index_frac(n)+2),time_frac(pea
k_index_frac(n)+3)];
f_frac(n,:) = polyfit(t_frac(n,:),curve_frac(n,:),2);
peak_fit_t_frac(n) = ((-1)*f_frac(n,2))/(2*f_frac(n,1));
peak_fit_theta_frac(n) =
(f_frac(n,1)*(peak_fit_t_frac(n)^2))+(f_frac(n,2)*peak_fit_t_frac(n))+f_frac(
n,3);
if(n>=2)
valid_theta_check_exp(n-1) = peak_fit_t_exp(n) - peak_fit_t_exp(n-1);
valid_theta_check_int(n-1) = peak_fit_t_int(n) - peak_fit_t_int(n-1);
valid_theta_check_frac(n-1) = peak_fit_t_frac(n) - peak_fit_t_frac(n1);
end
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end
% The for expression above calculates the fir of the model
% that allows for characterized comparison.
% This section graphically displays the different responses of the system
% and the theoretical models.
figure (1)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
plot(time_exp,integer_sol_fit,'g')
legend('Experimental Data','Fractional Model','Integer Model')
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to all theoretical models')
hold off
figure (2)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
plot(time_exp,integer_sol_fit,'g')
legend('Experimental Data','Fractional Model','Integer Model')
axis([5 6.75 -20 20])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to all theoretical models')
hold off
figure(3)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
legend('Experimental Data','Fractional Model')
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to fractional order theoretical
model')
hold off
figure(4)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
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legend('Experimental Data','Fractional Model')
axis([5 6.75 -20 20])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to fractional order theoretical
model')
hold off
figure(5)
plot(time_frac,frac_theo_theta,'b')
hold on
grid on
grid minor
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Input force and response for fractional order theoretical model')
hold off
figure(6)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot(time_exp,integer_sol_fit,'g')
legend('Experimental Data','Integer Model')
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to integer order theoretical model')
hold off
figure(7)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot(time_exp,integer_sol_fit,'g')
legend('Experimental Data','Integer Model')
axis([5 6.75 -20 20])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Comparison of experimental data to integer order theoretical model')
hold off
figure (8)
subplot(3,1,1)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
plot(time_exp,integer_sol_fit,'g')
legend('Experimental Data','Fractional Model','Integer Model')
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
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hold off
subplot(3,1,2)
plot(time_frac,frac_theo_theta,'b')
hold on
grid on
grid minor
ylabel('\theta (deg)')
xlabel('Time (sec)')
hold off
subplot(3,1,3)
plot(time_exp,theta_exp_f0,'r')
hold on
grid on
grid minor
plot((time_frac((time_frac>sf))-sf),frac_theo_theta((time_frac>sf)),'b')
legend('Experimental Data','Fractional Model')
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
hold off
figure(9)
plot(time_exp, theta_exp_f0)
hold on
grid on
grid minor
plot(time_exp(peak_index_exp),peak_mag_exp, 'oy')
plot(t_exp,curve_exp,'xg')
plot(peak_fit_t_exp,peak_fit_theta_exp,'x-k')
hold off
figure(10)
plot(valid_theta_check_exp,'r')
hold on
grid on
grid minor
plot(valid_theta_check_int,'g')
plot(valid_theta_check_frac,'b')
legend('Experimental Data','Integer Model','Fractional Model')
ylabel('\delta T (sec)')
xlabel('# of peaks')
title('Change in behavior of characteristic equations with reference to
experimental data')
figure (11)
plot(time_exp,theta_exp_f0,'-xr')
hold on
grid on
grid minor
errorbar(time_exp,theta_exp_f0,err,'bo','Markersize',1)
axis([0.1 6.75 -85 85])
ylabel('\theta (deg)')
xlabel('Time (sec)')
title('Experimental Data')
legend('Experimental data','Error')
hold off

75
% Function for solving Bagley-Torvik equation with zero initial conditions:
% A,B,C are coefficients of the Bagley-Torvik equation. Alterations to the
%
% Ay'' + By^(3/2) + Cy = F(t)
%
% Reference:
% I. Podlubny, Fractional Differential Equations, Academic Press,
% San Diego, 1999, ISBN 0125588402.
% (Correct typos: in Fig. 4 there on page 230 the results for A=B=C=1 are
shown,
% replace the text "B=0.5" and "C=0.5" on page 231 with correct "B=1" and
% "C=1")
function Y0 = bagleytorvikequation(A,B,C,tmax)
alpha=1.5;
% Numerical solution:
% tmax = 32;
h=tmax/7000;
T=0:h:tmax;
N=tmax/h + 1;
M=zeros(N,N); % pre-allocate matrix for the system
% (1) Make the matrix for the alpha-th derivative:
Dalpha = ban(alpha,N,h);
% (2) Make the matrix for the second derivative:
D2 = ban(2,N,h);
% (3) Make the matrix for the entire equation:
M=A*D2 + B*Dalpha + C*eye(size(Dalpha));
% Make right-hand side:
%F=4*(T<=12)';
F = -23.75*((1-exp(-T/2)).*(T<=11.9))';
% (3) Utilize zero initial conditions:
M = eliminator(N,[1 2])*M*eliminator(N, [1 2])';
F= eliminator(N,[1 2])*F;
% (4) Solve the system BY=F:
Y=M\F;
% (5) Pre-pend the zero values (those due to zero initial conditions)
Y0 = [0; 0; Y];
% Plot the solution:
figure(1)
plot(T,Y0,'g')
grid on
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

The Ban functions is a RHS Riemann Louville derivative function. This was
obtained from Podlubny’s equation solver.
Make matrix B_{N}^{alpha} that corresponds
to left-sided Riemann-Liouville fractional differentiation
Parameters:
alpha - order of differentiation (real, not necessarily integer)
N
- size of the resulting matrix B (N x N)
h
- step of discretization; default is h=1
(C) 2000 Igor Podlubny
See the following articles:
[1] I. Podlubny, "Matrix approach to discrete fractional calculus",
Fractional Calculus and Applied Analysis,
vol. 3, no. 4, 2000, pp. 359-386.
http://people.tuke.sk/igor.podlubny/pspdf/ma2dfc.pdf
[2] I. Podlubny, A.Chechkin, T. Skovranek, YQ Chen,
B. M. Vinagre Jara, "Matrix approach to discrete
fractional calculus II: partial fractional differential
equations". http://arxiv.org/abs/0811.1355

function B = ban(alpha,N,h)
B = zeros(N,N);
if nargin <= 1 || nargin > 3
error('BAN: Wrong number of input parameters')
else
bc=fliplr(bcrecur(alpha,N-1));
for k=1:N
B(k,1:k)=bc((N-k+1):N);
end
end
if nargin == 3
B=h^(-alpha)*B;
end

%ELIMINATOR
%
% Returns a matrix S that is called eliminator.
% S is a matrix such that S*A (assuming that this product
% exists) will not contain rows listed in row vector ROWS.
% Numbers of rows in ROWS can be unsorted.
%
% Example:
%
A = hilb(6);
%
S = eliminator(6, [4 6 2]);
%
B = S * A;
% Matrix B will contain rows 1, 3, 5 from the matrix A,
% matrix B will not contain rows 2, 4, 6 from matrix A.
%
% (C) 2000 Igor Podlubny, Blas Vinagre, Tomas Skovranek
%
% See:
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% [1] I. Podlubny, A.Chechkin, T. Skovranek, YQ Chen,
%
B. M. Vinagre Jara, "Matrix approach to discrete
%
fractional calculus II: partial fractional differential
%
equations". http://arxiv.org/abs/0811.1355
% [2] R.G. Cooke, Infinite Matrices and Sequence Spaces,
%
MacMillan and Co., London, 1950. 347 pp.
function S = eliminator(n, ROWS)
S = eye(n);
r = sort(ROWS);
m = size(r,2);
for k = m:(-1):1
if r(k)-1 == 0
S = S((r(k)+1):(size(S,1)-k+1),:);
elseif r(k) == size(S,1)
S = S(1:(r(k)-1),:);
else
S = [S(1:(r(k)-1),:); S((r(k)+1):(size(S,1)),:)];
end
end
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APPENDIX C. LIST OF EQUATIONS

𝑓(𝑥) = 𝑒 𝑝𝑥

(Eqn 2.1)

𝑓 (1) (𝑥) = 𝐷1 𝑒 𝑝𝑥 = 𝑝. 𝑒 𝑝𝑥
𝑓 (2) (𝑥) = 𝐷2 𝑒 𝑝𝑥 = 𝑝2 . 𝑒 𝑝𝑥

(Eqn 2.2)

𝑓 (3) (𝑥) = 𝐷3 𝑒 𝑝𝑥 = 𝑝3 . 𝑒 𝑝𝑥

𝑓 (𝑛) (𝑥) = 𝐷𝑛 𝑒 𝑝𝑥 = 𝑝𝑛 . 𝑒 𝑝𝑥

1

1

𝑓 (2) (𝑥) = 𝐷2 𝑒 𝑎𝑥 = √𝑎. 𝑒 𝑎𝑥

(Eqn 2.4)

𝑒 𝑗𝑥 = cos(𝑥) + 𝑗. sin(𝑥)

(Eqn 2.5)

𝜋𝛼

𝐷𝛼 𝑒 𝑗𝑥 = 𝑗 𝛼 𝑒 𝑗𝑥 = 𝑒 𝑗(𝑥+ 2 ) = cos (𝑥 +

𝐷𝑛 𝑥 𝑝 =

(Eqn 2.3)

𝜋𝛼
𝜋𝛼
) + 𝑗. 𝑠𝑖𝑛 (𝑥 + )
2
2

(Eqn 2.6)

𝑝(𝑝 − 1)(𝑝 − 2) … (𝑝 − 𝑛 + 1)(𝑝 − 𝑛)(𝑝 − 𝑛 − 1) … 1 𝑝−𝑛
𝑥
(𝑝 − 𝑛)(𝑝 − 𝑛 − 1) … 1
(Eqn 2.7)
𝑝!
=
𝑥 𝑝−𝑛
(𝑝 − 𝑛)!

∞

Γ(𝑥) = ∫ 𝑒 −𝑡 𝑢 𝑥−1 . 𝑑𝑢

(Eqn 2.8)

0

Γ(𝑥 + 1) = 𝑥Γ(𝑥)

(Eqn 2.9)
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Γ(𝑝 + 1)
𝑥 𝑝−𝛼
Γ(𝑝 − 𝛼 + 1)

𝐷𝛼 𝑥 𝑝 =

(Eqn 2.10)

𝑒 𝑝𝑥 = 𝐷(𝐷−1 𝑒 𝑝𝑥 )
Where:

(Eqn 2.11)
𝐷−1 𝑒 𝑝𝑥 = ∫ 𝑒 𝑝𝑥 . 𝑑𝑥 =

𝐷

−𝑛

1 𝑝𝑥
𝑒 +𝑐
𝑝

𝑥
1
𝑓(𝑥) =
∫ 𝑓(𝑡) (𝑥 − 𝑡)𝑛−1 . 𝑑𝑡
(𝑛 − 1)! 0

𝛼
𝑏𝐷𝑥 𝑓(𝑥) =

𝑥
1
𝑓(𝑡)
∫
. 𝑑𝑡
Γ(−𝛼) 𝑏 (𝑥 − 𝑡)𝛼+1

𝑥
−1 𝑝𝑥
𝑏𝐷𝑥 𝑒

(Eqn 2.13)

1 𝑝𝑥 1 𝑝𝑏
𝑒 − 𝑒
𝑝
𝑝

(Eqn 2.14)

𝑥
1
𝑓(𝑡)
∫
. 𝑑𝑡
Γ(−𝛼) −∞ (𝑥 − 𝑡)𝛼+1

(Eqn 2.15)

= ∫ 𝑒 𝑝𝑥 . 𝑑𝑥 =
𝑏

𝛼
−∞𝐷𝑥 𝑓(𝑥) =

(Eqn 2.12)

∞

𝐸𝛼,𝛽 (𝑥) = ∑
𝑘=0

𝑥𝑘
Γ(𝛼𝑘 + 𝛽)

(Eqn 2.16)

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 𝑓(𝑡)

(Eqn 2.17)

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 0

(Eqn 2.18)
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(𝜆2 𝑀 + 𝜆𝐶 + 𝐾)𝐴𝑒 𝜆𝑡 = 0 ⇒ 𝜆2 𝑀 + 𝜆𝐶 + 𝐾 = 0

(Eqn 2.19)

𝐾
𝜆1,2 = (−𝜁 ± √𝜁 2 − 1) √
𝑀

(Eqn 2.20)

𝜁=

𝐶

(Eqn 2.21)

2√𝐾𝑀

𝜆1,2 = ±𝑖𝜔𝑛

(Eqn 2.22)

𝐾
𝜔𝑛 = √
𝑀

(Eqn 2.23)

𝜆1,2 = −𝜁𝜔𝑛 ± 𝑖𝜔𝑑

(Eqn 2.24)

𝜔𝑑 = 𝜔𝑛 √1 − 𝜁 2

(Eqn 2.25)

𝜆1,2 = −𝜔𝑛

(Eqn 2.26)

𝑥(𝑡) = 𝐴𝑐𝑜𝑠(𝜔𝑡 + ϕ)𝑒 −𝜁𝜔𝑡

(Eqn 2.27)

𝑙∗ =

𝜈
2 𝜈
2
=√
= √ 𝑅𝑒 −2 𝑟
𝜈𝜏
𝑐𝑓 Ω𝑧 𝑟
𝑐𝑓

(Eqn 2.28)

𝑑𝑣𝑟
𝑑𝑣𝑟
𝑑𝑣𝑟 𝑣𝜃2
𝑑𝑣𝑟
𝜌(
+ 𝑣𝑟
+ 𝑢𝜃
− + 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑑𝜃
𝑟
𝑑𝑧
(Eqn 2.29)
2

= 𝜌𝑔𝑟 −

2

𝑑𝑃
𝑑 1𝑑
1 𝑑 𝑣𝑟 2 𝑑𝑣𝑟 𝑑 𝑣𝑟
(𝑟𝑣𝑟 )) + 2
+𝜇( (
−
+
)
𝑑𝑟
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃
𝑑𝑧 2
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𝜌(

𝑑𝑣𝜃
𝑑𝑣𝜃 𝑣𝜃 𝑑𝑣𝜃 𝑣𝑟 𝑣𝜃
𝑑𝑣𝜃
+ 𝑣𝑟
+
+
+ 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑟 𝑑𝜃
𝑟
𝑑𝑧
1 𝑑𝑃
𝑑 1𝑑
1 𝑑 2 𝑣𝜃 2 𝑑𝑣𝜃 𝑑 2 𝑣𝜃
(𝑟𝑣𝜃 )) + 2
= 𝜌𝑔𝜃 −
+𝜇( (
+
+
)
𝑟 𝑑𝜃
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃
𝑑𝑧 2

𝜌(

(Eqn 2.30)

𝑑𝑣𝑧
𝑑𝑣𝑧 𝑣𝜃 𝑑𝑣𝑧
𝑑𝑣𝑧
+ 𝑣𝑟
+
+ 𝑣𝑧
)
𝑑𝑡
𝑑𝑟
𝑟 𝑑𝜃
𝑑𝑧
𝑑𝑃
1𝑑
𝑑𝑣𝑧
1 𝑑 2 𝑣𝑧 𝑑 2 𝑣𝑧
= 𝜌𝑔𝑧 −
+𝜇(
(𝑟
)+ 2
+
)
𝑑𝑧
𝑟 𝑑𝑟
𝑑𝑟
𝑟 𝑑𝜃 2
𝑑𝑧 2

𝜏𝜃𝜃 = −𝜇 [2 (

(Eqn 2.31)

1𝑑
1 𝑑𝑣𝜃 𝑑𝑣𝑧
(𝑟𝑣𝑟 ) +
+
=0
𝑟 𝑑𝑟
𝑟 𝑑𝜃
𝑑𝑧

(Eqn 2.32)

1 𝑑𝑣𝜃 𝑣𝑟
2 1𝑑
1 𝑣𝜃 𝑑𝑣𝑧
(𝑟𝑣𝑟 ) +
+ )− (
+
)]
𝑟 𝑑𝜃
𝑟
3 𝑟 𝑑𝑟
𝑟 𝑑𝜃 𝑑𝑧

(Eqn 2.33)

3

𝑑2 𝑥(𝑡)
𝑑 2 𝑥(𝑡)
𝑚
+
2𝐴
𝜌𝜇
+ 𝑘𝑥(𝑡) = 𝑓(𝑡)
√
𝑑𝑡 2
𝑑𝑡 3/2

𝛽

𝑎 0𝐷𝑡 𝑦(𝑡) + 𝑏 0𝐷𝑡𝛼 𝑦(𝑡) + 𝑐 𝑦(𝑡) = 𝑓(𝑡)

(Eqn 2.34)

(Eqn 2.35)

𝑡

𝑦(𝑡) = ∫ 𝐺3 (𝑡 − 𝜏)𝑓(𝜏). 𝑑𝜏
0

(Eqn 2.36)

Where;
∞

1
(−1)𝑘 𝐶 𝑘 2𝑘+1 (𝑘)
𝐵
𝐺3 = ∑
( ) 𝑡
𝐸1 3𝑘 (− √𝑡)
𝐴
𝑘!
𝐴
𝐴
,2+
2
2
𝑘=0
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∞

(𝑘)
𝐸𝜆,𝜇

(𝑗 + 𝑘)! 𝑦 𝑗
𝑑𝑘
= 𝑘 𝐸𝜆,𝜇 (𝑦) = ∑
,
𝑑𝑦
𝑗! Γ(𝜆𝑗 + 𝜆𝑘 + 𝜇)
𝑗=0

(𝑘 = 0,1,2, … )

𝐼𝜃̈ + 𝐶𝜃̇ + 𝐾𝜃 = 𝑓(𝑡)

𝐼=

𝜋𝜌ℎ 4
4
(𝑟𝑜𝑢𝑡𝑒𝑟 − 𝑟𝑖𝑛𝑛𝑒𝑟
)
2

(Eqn 3.1)

(Eqn 3.2)

4
𝐺𝜋𝐷𝑠𝑝𝑟𝑖𝑛𝑔
𝐾=
32𝐿

(Eqn 3.3)

𝜃 = 𝐴𝑠𝑖𝑛(𝜔𝑡 + 𝜙)𝑒 −𝜎𝑡

(Eqn 3.4)

𝑑𝑣𝜃
𝑑 1𝑑
1 𝑑 2 𝑣𝜃 2 𝑑𝑣𝜃
(𝑟𝑣
))
𝜌(
) = 𝜇( (
+ 2
+
)
𝜃
𝑑𝑡
𝑑𝑟 𝑟 𝑑𝑟
𝑟 𝑑𝜃 2 𝑟 2 𝑑𝜃

(Eqn 3.5)

𝑣(𝜃, 𝑠) = 𝑣𝑝 [(1 −

𝜇
𝑒𝜃
(√
+𝜌𝑠+1−1)𝜃
cosh(𝜃)) 𝑒 𝑟 2 𝑠2
2

(Eqn 3.6)
𝜃

+(

𝑒
2

𝜇
−(√
+𝜌𝑠+1+1)𝜃
cosh(𝜃)) 𝑒 𝑟 2 𝑠2
]
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𝑣 ′ (𝜃, 𝑠) = 𝑣𝑝 [{(1 −

−{

𝜇
𝑒𝜃
𝜇
(√
+𝜌𝑠+1−1)𝜃
cosh(𝜃)) (√ 2 2 + 𝜌𝑠 + 1 − 1) 𝑒 𝑟 2 𝑠2
}
2
𝑟 𝑠

𝜇
𝑒𝜃
𝜇
−(√
+𝜌𝑠+1+1)𝜃
cosh(𝜃) (√ 2 2 + 𝜌𝑠 + 1 + 1) 𝑒 𝑟 2 𝑠2
}]
2
𝑟 𝑠

(Eqn 3.7)
= 𝑣𝑝 (√

𝜇
𝑟 2𝑠2

+ 𝜌𝑠 + 1 − 1) [𝑣(𝜃, 𝑠)

𝜇
𝑒𝜃
−(√
+𝜌𝑠+1+1)𝜃
− 2 ( cosh(𝜃)) 𝑒 𝑟 2 𝑠2
]
2

𝑣

′ (𝜃,

𝑒𝜃
𝑠) = 𝑣𝑝 (√𝜌𝑠 + 1 − 1) [𝑣(𝜃, 𝑠) − 2 ( cosh(𝜃)) 𝑒 −(√𝜌𝑠+1+1)𝜃 ]
2

1 𝑑𝑣𝜃
2 1 𝑣𝜃
4𝜇
𝜏(𝜃, 𝑠) = −𝜇 [2 (
)− (
)] = − 𝑣′(𝜃, 𝑠)
𝑟 𝑑𝜃
3 𝑟 𝑑𝜃
3𝑟

𝜏(𝜃, 𝑠) = −

4𝜇𝑣𝑝 (𝑠)
(√𝜌𝑠 + 1 − 1) [𝑣(𝜃, 𝑠) − 𝑒 𝜃 cosh(𝜃)𝑒 −(√𝜌𝑠+1+1)𝜃 ]
3𝑟

𝑡

𝑓(𝑡) = {

−23.75 (1 − 𝑒 −2 ) ,
0,

0 < 𝑡 < 11.9
𝑡 ≥ 11.9

(Eqn 3.8)

(Eqn 3.9)

(Eqn 3.10)

(Eqn 4.1)

